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1 Introduction

Statistical limit laws are a fundamental part of probability theory and its applications. Amongst
many, these include the Central Limit Theorem (CLT), the Weak Invariance Principle (WIP)
(also known as the Functional Central Limit Theorem) and the Strong Law of Large Numbers
(SLLN). These theorems are often proved under the i.i.d (independent and identically distributed)
assumption. In the dynamical systems setting, and in applications to many physical systems,
the assumption of independence is unnatural and unfavorable; however because we work with an
invariant measure we maintain the assumption of stationarity.

Consider the canonical example of the SLLN. This is traditionally proved in the situation of
i.i.d random variables (Xk)k=1,2,... each with finite and equal expectation. However, this can be
seen as a special case of the Ergodic Theorem which is often proved in the setting of an integrable
observable v and transformation f : Λ → Λ with an underlying invariant measure. As such, in
this setting, the sequence (v ◦ fk)k=0,1,... is stationary but not, in general, independent.

The project is centered around the relatively recent limit law: the Iterated Weak Invariance
Principle (Iterated WIP) which is closely related to calculating the Lévy Area from Stochastic
Analysis. In recent years cutting-edge methods have been developed in probability theory (the
so-called Maxwell-Woodroofe condition) and we seek to explore the application of these methods
to the Iterated WIP.

To this end, we present the broad theory surrounding limit laws for dynamical systems and,
in particular, Section 2 formulates the general framework under which we will work. The intro-
duction of the Transfer Operator helps to unify our proofs and the main dynamical assumption on
the decay of the correlation function. Under sensible assumptions we obtain a powerful tool: the
martingale coboundary decomposition. We proceed to use this tool in Sections 3 and 4 to prove
a CLT and WIP respectively, introducing the background as we progress.

In Section 5, using Stochastic Differential Equations (SDEs), we motivate the study of the It-
erated WIP before giving a sketch proof of the main elements of the results. Again Section 5
works under the general framework from the earlier sections.

Section 6 proposes a new framework and we explore some of the literature motivating the so
called Maxwell-Woodroofe condition which would greatly relax the assumptions introduced in
Section 2. We proceed to prove a CLT under this assumption and state results concerning the
WIP. The techniques used to prove this CLT present a possible method to extend the Iterated WIP.

In the final section we seek to extend the simpler result of the Iterated CLT. We present re-
sults which highlight that under the näıve assumption of the Maxwell-Woodroofe condition we
run into complications and have some unfavorable assumptions to check. We show that the
strengthening of some of the standard dynamical assumptions made in our theorem reduces us
to one assumption left to be understood. We conjecture that this assumption is in fact unnec-
essary and we are working with the optimal set of assumption which is justified in the final section.

This project uses techniques in Ergodic Theory, Probability Theory and Stochastic Analysis.
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2 Background

In this section we introduce some of the required background theory needed in our proofs that are
not standard in a measure-theoretic Probability or Ergodic Theory course. Consider a probability
space (Λ, µ) and a transformation on this probability space f : Λ→ Λ where µ is invariant under
f . That is, if A ⊂ Λ then µ(f−1(A)) = µ(A).

Definition 2.1. The Koopman operator is defined as the map U : L1(Λ) → L1(Λ) given by
Uv = v ◦ f .

Several nice properties of the map follow directly from the definition:

Proposition 2.2. Elementary Properties of the Koopman Operator

(U1)U1 = 1.

(U2)

∫
Λ

Uv dµ =

∫
Λ

v dµ.

(U3) for any p ≥ 1 and v ∈ Lp(Λ) then ‖Uv‖p = ‖v‖p.

(U4) for any v ∈ L1(Λ) and w ∈ L∞(Λ)

∫
Λ

UvUw dµ =

∫
Λ

vw dµ.

Proof. These proofs are routine since µ is an invariant measure.

It is worth remarking that (U3) means that the Koopman operator is an isometry. This is an
unfavorable property when studying statistical limit laws. Hence, we study the corresponding dual
operator: the transfer operator. The transfer operator is the main approach used in the modern
study of statistical limit laws [13,17]. We state the definition in the general setting but note that
in L2 the transfer operator is the adjoint of the Koopman operator.

Definition 2.3. The transfer operator is defined as the map P : L1(Λ) → L1(Λ) such that∫
Λ
Pv w dµ =

∫
Λ
v Uw dµ for every w ∈ L∞(Λ).

Again, there are corresponding elementary properties for the transfer operator. We state them
without proof:

Proposition 2.4. Elementary Properties of the Transfer Operator

(P1)P1 = 1.

(P2)

∫
Λ

Pv dµ =

∫
Λ

v dµ.

(P3) for any p ≥ 1 and v ∈ Lp(Λ) then ‖Pv‖p ≤ ‖v‖p.
(P4)PU = I.

We remark that (P3) means that the transfer operator is a contraction on Lp. This is a desirable
property when discussing statistical limit laws because we get decay upon iteration. The following
are two examples of transfer operators for dynamical systems.

Example 2.5. Transfer Operator for Dynamical Systems
1) If f : [0, 1]→ [0, 1] is f(x) = 2x mod 1, then (Pv)(y) = 1

2

[
v(y2 ) + v(y+1

2 )
]
.

2) If f : [0, 1] → [0, 1] is f(x) = { 1
x}, that is f is the Gauss map, then the transfer operator is

(Pv)(y) =
∑∞
n=1

1
(x+n)2 v( 1

x+n ).
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The following interpretation of the transfer operator bridges the gap between the earlier CLT and
WIP in this project and than the ones presented later.

Remark 2.6. Consider g ∈ L1(Λ), f : Λ → Λ a measure preserving transformation and µ the
underlying invariant measure for f . Then UPg = (Pg) ◦ f = E[g|f−1B].

The first section of this project is dedicated to proving results under sufficiently rapid decay of
correlations. We discuss this notion briefly and its relation to mixing. Recalling that f is mixing
(with respect to the underlying invariant measure µ) if and only if µ(A∩ f−nB)→ µ(A)µ(B) for
every A,B ∈ B where B is the underlying σ-algebra. It is a standard result that this convergence
can happen arbitrarily slowly. In terms of the correlation function mixing is equivalent to the
following: Cov(v, w ◦ fn) = E(vw ◦ fn)−E(v)E(w) =

∫
Λ
vw ◦ fn dµ−

∫
Λ
v dµ

∫
Λ
w dµ→ 0 for all

v, w ∈ L2(Λ).

Consider the following framework: let f : Λ → Λ be an ergodic transformation with respect
to µ and let v : Λ→ R be a mean-zero observable which lies in L∞(Λ). Suppose that there exists
a β > 1 and a C > 0 such that for all w ∈ L1(Λ) and sufficiently large n ≥ 1 we have:

|
∫

Λ

vw ◦ fn dµ| ≤ Cn−β‖w‖1. (1)

Remark 2.7. The decay described in (1) is an assumption on the dynamics of f , the underlying
measure and the observable v. Such an assumption cannot hold for general v ∈ L∞(Λ). The main
tool following from this estimate will be the Martingale Coboundary Decomposition:

Proposition 2.8. Martingale Coboundary Decomposition
Assume that our observable v satisfies (1). Then there exists m,χ ∈ L∞(Λ) such that m has mean
zero, Pm = 0 and,

v = m+ χ ◦ f − χ. (2)

Proof. This proof follows Melbourne-Török Proposition 1 and Lemma 1 [13]. First note by defi-
nition of the transfer operator that

∫
Λ
vw ◦ fn dµ =

∫
Λ
Pnvw dµ. Now let ε > 0 and suppose there

is a set A of positive measure on which |Pnv| ≥ Cn−β + ε. Choose w = 1Asgn(Pnv) and we see
that

∫
Λ
|w| dµ ≤ µ(A) ≤ 1 so w is in L1. Then

|
∫

Λ

Pnv1Asgn(Pnv) dµ| =
∫
A

|Pnv| dµ ≥ (Cn−β + ε)µ(A)

by our assumption. On the other hand, we have that |
∫

Λ
vw ◦ fn dµ| ≤ Cn−β‖w‖1 for every

w ∈ L1(Λ). Thus, for this choice of w we obtain the following inequality: (Cn−β + ε)µ(A) ≤
Cn−βµ(A). Hence, we conclude µ(A) = 0 and so ‖Pnv‖∞ ≤ Cn−β . Since Cn−β is summable, it
follows that ‖Pnv‖∞ is summable. Now define χ : Λ→ R by χ =

∑∞
n=1 P

nv and m = v+χ−χ◦f .
The fact that m is mean zero follows directly from using that µ is an invariant measure:∫

Λ

mdµ =

∫
Λ

v + (χ− χ ◦ f) dµ =

∫
Λ

v dµ+

∫
Λ

χ− χdµ = 0.

Moreover m ∈ Ker P follows by applying P to the definition of m:

Pm = Pv − PUχ+ Pχ = Pv −
∞∑
n=1

Pnv +

∞∑
n=2

Pnv = 0.
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Remark 2.9. Later we will need the decomposition (2) in L2. Precisely, let f : Λ→ Λ be ergodic
with respect to µ and let v : Λ→ R be a mean-zero observable lying in L2(Λ). Suppose that there
exists β > 1 and C > 0 such that for all w ∈ L2(Λ) and sufficiently large n ≥ 1 we have:

|
∫

Λ

vw ◦ fn dµ| ≤ Cn−β‖w‖2.

Under these assumptions the decomposition (2) holds in L2(Λ). We see this by choosing w = Pnv
which is clearly in L2(Λ) because v ∈ L2(Λ) and P a contraction on L2(Λ). Then substituting
w = Pnv in our assumption of the decay of correlations above gives ‖Pnv‖22 ≤ Cn−β‖Pnv‖2.
Thus, ‖Pnv‖2 ≤ Cn−β and so ‖Pnv‖2 is summable. Defining χ =

∑∞
n=1 P

nv we observe that the
decomposition (2) holds in L2(Λ).

In later sections it will be clear in which space we are considering the Martingale Coboundary
Decomposition by the set up of the problem. For the remainder of this section we discuss some
of the properties of the resulting decomposition (2). These properties lead us to to prove results
about m which extend to v. We refer to m as the martingale part of v, but it will not be fully
clear until later sections in what sense m is a martingale. First, we recall vn =

∑n−1
j=0 v ◦ f j

and define mn =
∑n−1
j=0 m ◦ f j . Thus, from telescoping sums, vn = mn + χ ◦ fn − χ. It follows

that n−1/2(vn−mn)→ 0 a.e. because ‖χ◦fn−χ‖∞ ≤ ‖2χ‖∞. This leads us to the following result:

Lemma 2.10. Suppose that Y is a random variable. Then n−1/2vn →d Y if and only if
n−1/2mn →d Y .

Lemma 2.11. Orthogonality
The sequence {m ◦ f j : j ≥ 0} is orthogonal. That is

∫
Λ
m ◦ f j1m ◦ f j2 . . .m ◦ f jr dµ = 0 for all

0 ≤ j1 < · · · < jr r ≥ 1.

Proof. If r = 1 the result follows as m is mean-zero. For r ≥ 2,∫
Λ

m ◦ f j1m ◦ f j2 . . .m ◦ f jr dµ =

∫
Λ

mU(m ◦ f j2−j1−1 . . .m ◦ f jr−j1−1) dµ

=

∫
Λ

Pm(m ◦ f j2−j1−1 . . .m ◦ f jr−j1−1) dµ = 0.

We now state two theorems from standard probability theory which will be used in the following
sections.

Theorem 2.12. Bounded Convergence Theorem
Suppose that fn ∈ L∞(Λ), n ≥ 1. If ‖fn‖∞ is bounded and fn → f a.e., then

∫
Λ
fn dµ→

∫
Λ
fdµ.

Theorem 2.13. Lévy’s Continuity Theorem
Suppose that Yn, n = 1, 2, ... and Y are random variables with values in Rk. Then Yn → Y in Rk
if and only if limn→∞E[e<it,Yn>] = E[e<it,Y >] for every t ∈ Rk.

3 The Central Limit Theorem

In this section, we prove the CLT and its multi-dimensional counterpart. The standard CLT
assumes independence or sufficient control of higher moments of the random variables. Here
we use the set-up of the previous section; in particular, our main tool will be the Martingale
Coboundary Decomposition (MCD). The proofs follow McLeish [11].
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Theorem 3.1. The Central Limit Theorem
Let f : Λ → Λ be a transformation of a probability space (Λ, µ) where µ is assumed to be invari-
ant and ergodic with respect to f . Suppose that our observable v : Λ → R lies in L∞(Λ) and is
mean-zero. Further assume that the decomposition (2) is valid and define vn as before. Then the
following hold:

a) The limit σ2 = limn→∞
∫

Λ
(n−1/2vn)2 dµ exists and σ2 =

∫
Λ
m2 dµ.

b) n−1/2vn →d N(0, σ2) as n→∞.

Furthermore, σ2 = 0 if and only if v = h ◦ f − h for some h ∈ L∞(Λ).

Proof. Firstly, we prove (a) and identify σ2 =
∫

Λ
m2 dµ. From the orthogonality proved in Lemma

2.11, it follows that
∫

Λ
m2
n =

∑n−1
j=0

∫
Λ

(m ◦ f j)2 dµ. By invariance of the measure µ, we see that

n−1
∫

Λ
m2
n =

∫
Λ
m2 dµ. Since vn = mn + χ ◦ fn − χ, we have by the triangle inequality:

|‖vn‖2 − ‖mn‖2| ≤ ‖vn −mn‖2 = ‖χ ◦ fn − χ‖2 ≤ 2‖χ‖2.

Hence n−1/2(‖vn‖2 − ‖mn‖2)→ 0 a.e. Squaring this equation we see

lim
n→∞

∫
Λ

(n−1/2vn)2 dµ = lim
n→∞

∫
Λ

(n−1/2mn)2 dµ =

∫
Λ

m2 dµ.

Thus we have proven (a).

Next we prove that n−1/2vn →d N(0, σ2) as n → ∞. By Lemma 2.10 it is sufficient to prove
n−1/2mn →d N(0, σ2). Then by Theorem 2.13 it is enough to show that for every fixed t ∈ R
limn→∞

∫
Λ
eitn

−1/2mn dµ = e−
(tσ)2

2 . Since log(1+ix) = ix+ 1
2x

2+O(|x|3), it follows that eix = (1+

ix) exp{− 1
2x

2 +O(|x|3)}. Then using this and recalling exp{itn−1/2mn} = exp{itn−1/2
∑n−1
j=0 m◦

f j}, we have

exp{itn−1/2mn} =

n−1∏
j=0

exp{itn−1/2m ◦ f j} = Tne
−Un ,

where

Tn =

n−1∏
j=0

(1 + itn−1/2m ◦ f j)

Un =
1

2
t2n−1

n−1∑
j=0

m2 ◦ f j +O

n−3/2
n−1∑
j=0

m3 ◦ f j
 =

1

2
t2n−1

n−1∑
j=0

m2 ◦ f j +O(n−1/2).

The last equality follows because there are n terms in the sum.
Now Tn = 1+{Terms of the form: Cm◦j1m◦j2 . . .m◦jr} for some C ∈ C. Thus, by orthogonality∫

Λ
Tn dµ = 1. Also, by the Ergodic Theorem:

Un →
1

2
t2
∫

Λ

m2 dµ =
1

2
t2σ2 a.e.

Hence, ∫
Λ

eitn
− 1

2mn dµ− e− 1
2 t

2σ2

=

∫
Tn(e−Un − e− 1

2 t
2σ2

) dµ
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where the second integrand convergences to 0 a.e. We claim that the integrand is uniformly
bounded and thus part (b) follows from Theorem 2.12. We see that

|Tn|= |
n−1∏
j=0

(1 + itn−1/2m ◦ f j)|=
n−1∏
j=0

(1 + t2n−1|m ◦ f j |2)1/2

and so clearly |Tn|≥ 1. Since e−Un = eitn
− 1

2mn/Tn, we see ‖e−Un‖∞ ≤ 1. Consider the following:

dn =

n−1∏
j=0

(1 + t2n−1‖m‖2∞)1/2 = (1 + n−1t2‖m‖2∞)
n
2 → exp(

1

2
t2‖m‖2∞).

Hence dn is a convergent sequence and thus bounded for all n, by say M . It follows that
‖Tn‖∞ ≤M and so is uniformly bounded, which completes the proof of part (b).

For non-degeneracy, as we identified σ2 =
∫

Λ
m2 dµ it follows that if σ2 = 0 then m = 0 a.e.

and so v = h ◦ f − h with h = χ. For the converse, that is assuming v = h ◦ f − h, we have
vn = h ◦ fn − h. Thus ‖vn‖∞ ≤ 2‖h‖∞ is bounded and hence σ2 = limn→∞

∫
Λ

(n−1/2vn)2 dµ = 0.
This concludes the proof.

Remark 3.2. The essential assumption in this theorem is that ‖Pnv‖∞ is summable (which
allowed us to use the MCD). This applies to many uniformly expanding and many non-uniformly
expanding dynamical systems though some additional work is required in the latter setting. How-
ever, later in this project we will relax this assumption to

∑∞
n=1 n

−3/2‖
∑n−1
k=0 P

kv‖2 <∞, which
is due to Tyran-Kamińska [17] based on ideas proved by Maxwell and Woodroofe [10].

We have proved convergence in distribution for real-valued random variables and so it is natural to
ask whether this extends to multi-dimensional results. In fact, for random vectors in Rd the proof is
straight forward using a technique called the Cramer-Wold device, which follows directly from the
Lévy Continuity Theorem. A later section will deal with the case where we take random elements
in the Banach space C([0, 1],Rd). Note that all the statements about which we have already
spoken can be thought of componentwise. In particular the transfer operator acts coordinate wise
on the vectors.

Proposition 3.3. Cramer-Wold device
Suppose that (Yn)n≥1 and Y are random vectors in Rd. Then Yn →d Y in Rd if and only if
〈c, Yn〉 →d 〈c, Y 〉 in R for all c ∈ Rd.

Proof. Suppose that 〈c, Yn〉 →d 〈c, Y 〉 in R for all c ∈ Rd. It follows that E[ei〈c,Yn〉] → E[ei〈c,Y 〉]
and so by Lévy continuity Yn →d Y in Rd. Now suppose Yn →d Y in Rd and for any c ∈ Rd let
Xn = cTYn and X = cTY . Now let t ∈ R and so we have

E[eitXn ] = E[ei〈tc,Yn〉]→ E[ei〈tc,Y 〉] = E[eitX ].

Thus, again by Lévy continuity Xn → X in R and hence 〈c, Yn〉 →d 〈c, Y 〉 in R.

Theorem 3.4. multi-dimensional Central Limit Theorem
Let f : Λ → Λ be a transformation of a probability space (Λ, µ) where µ is assumed to be in-
variant and ergodic with respect to f . Suppose that our observables vi : Λ → R lie in L∞(Λ)
and are mean-zero. Further assume that the decomposition (2) is valid and define vn as before
but v is now a vector. Also define the covariance matrix Σ =

∫
Λ
mmT dµ. Then the following hold:
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a) The limit Σ = limn→∞ n−1
∫

Λ
vnv

T
n dµ exists.

b) n−1/2vn →d N(0,Σ) as n→∞.

Furthermore, det Σ = 0 if and only if there exists a nonzero c ∈ Rd such that cT v = h ◦ f − h for
some h ∈ L∞(Λ).

Proof. For part (a) it suffices to work in coordinates and show that: limn→∞ n−1
∫

Λ
vinv

j
n dµ =∫

Λ
mimj dµ. For the diagonal terms, that is i = j, the result follows from part (a) of the 1-

dimensional CLT. Now take i 6= j and recall, by the parallelogram identity, that:

vinv
j
n =

1

4

(
(vin + vjn)2 − (vin − vjn)2

)
.

Noting that vin+vjn = mi
n+mj

n+χi ◦fn−χi+χj ◦fn−χj = mi
n+mj

n+(χi+χj)◦fn− (χi+χj),
which is in the form exploited in the 1-dimensional CLT and likewise vin − vjn = mi

n −mj
n + (χi −

χj) ◦ fn − (χi − χj). Hence,

1

4n

∫
Λ

(
(vin + vjn)2 − (vin − vjn)2

)
dµ→ 1

4

∫
Λ

(mi +mj)2 − (mi −mj)2 dµ =

∫
mimj dµ

as required.

For (b) we apply the Cramer-Wold device with Yn = n−1/2vn and Y ∼ N(0,Σ). It is standard that
〈c, Y 〉 = cTY ∼ N(0, cTΣc) and hence E[eit〈c,y〉] = exp{− 1

2 t
2cTΣc}. Meanwhile, Yn = n−1/2vn

and 〈c, Yn〉 = n−1/2〈c, v〉n where 〈c, v〉n = n−1
∑n−1
j=0 〈c, v〉 ◦ f j which is a 1-dimensional Birkhoff

sum. Recalling the MCD, we have: 〈c, v〉 = 〈c,m〉+ h ◦ f − h where h = 〈c, χ〉. It follows by the
1-dimensional CLT that:

〈c, Yn〉 = n−1/2〈c, v〉n → N(0, σ2
c ),

where σ2
c =

∫
Λ
〈c,m〉2 dµ. To conclude the theorem, it remains to show σ2

c = cTΣc for every c. We
have

cTΣc = cT
∫

Λ

mmT dµ c =

∫
Λ

〈c,m〉〈m, c〉 dµ =

∫
Λ

〈c,m〉2 dµ = σ2
c ,

as we needed.

For non-degeneracy of the CLT we notice that det Σ = 0 is equivalent to there existing a c 6= 0
such that Σc = 0. However cTΣc =

∫
Λ
〈c,m〉2 dµ and so Σc = 0 is equivalent to 〈c,m〉 = 0 in

which case 〈c, v〉 = h ◦ f − h where h = 〈c, χ〉. This concludes the proof.

4 A Weak Invariance Principle

Considering our original set up, let v : Λ → R be a Hölder mean-zero observable. By the CLT
we have that n−1/2vn →d N(0, σ2). Now define a sequence of continuous time processes Wn :
[0, 1]→ R in the following way. Set Wn(t) = n−1/2vnt for t = j/n, j = 0, 1, . . . , n. Then linearly
interpolate to obtain a continuous function Wn ∈ C[0, 1]. First notice Wn(t) = n−1/2v[nt] +

O(n−1/2) uniformly and that for fixed t we have that Wn(t) →d N(0, tσ2). The function Wn is
a random element in the Banach Space C[0, 1] and so our result will be more complex because
C[0, 1] is infinite dimensional. We state the main theorem of this section below; then cover some
preliminary material, before ending this section with a proof of the Weak Invariance Principle
(WIP) also known as the Functional Central Limit Theorem.
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Theorem 4.1. Weak Invariance Principle
Let f : Λ→ Λ be a transformation of a probability space (Λ, µ) where µ is assumed to be invariant
and ergodic with respect to f . Suppose that our observable v : Λ → R lies in L∞(Λ) and is
mean-zero. Further assume that the decomposition (2) is valid and define Wn(t) as above. Then
Wn(t)→W (t) in C[0, 1] where W (t) is a Brownian motion with variance σ2 =

∫
Λ
m2 dµ.

Remark 4.2. Since we are still assuming the martingale coboundary decomposition, we are
proving the WIP in the context that ‖Pnv‖∞ is summable. As with the CLT, we will relax this
assumption in a later section.

We state the following theorems, which will be of use in the proof of Theorem 4.1.

Theorem 4.3. Continuous Mapping Theorem
Suppose that (Yn)n≥1 and Y are random elements in C[0, 1]. Then the following are equivalent:
a) Yn →w Y in C[0, 1].
b) ψ(Yn)→d ψ(Y ) in R for every continuous map ψ : C[0, 1]→ R.

We will need tightness of our random elements since it is a necessary condition for convergence in
distribution. To work with tightness can be rather tricky but Prokhorov’s theorem shows us how
important it is.

Definition 4.4. A sequence of random elements Yn ∈ C[0, 1] is tight if for any ε > 0 there is a
compact subset K ⊂ C[0, 1] such that P (Yn ∈ K) > 1− ε for every n ≥ 1.

We can already see the problem with working with tightness in C[0, 1] because compact sets
are complicated in C[0, 1]. The Arzelà-Ascoli Theorem characterizes compact set in C[0, 1] as
those which are closed, bounded (in the sup-norm topology) and equicontinuous. Note that
equicontinuity is stronger than uniform continuity. We now state Prokhorov’s theorem (for a
proof see Billingsley [1]) and then we prove the WIP.

Theorem 4.5. Prokhorov
Let Yn, Y ∈ C[0, 1] be random elements. Then Yn →w Y if and only if both the following hold:
a) Convergence of finite-dimensional distributions

(Yn(t1), ..., Yn(tk))→d (Y (t1), . . . , Y (tk)) as n→∞

for every t1, ..., tk ∈ [0, 1], k ≥ 1.
b)Tightness: The sequence {Yn} is tight.

The following is the proof of Theorem 4.1.

Proof. We apply Prokhorov’s Theorem and so it suffices to check convergence of finite distributions
and tightness. As before it is sufficient to prove the result for Mn(t) = n−1/2m[nt] + O(n−1/2)
where we have the decomposition (2). For convergence of finite distribution we can apply the
Cramer-Wold device and show:

exp{〈itc, (Mn(t1)), . . . ,Mn(tk)〉} → exp{〈itc, (W (t1)), . . . ,W (tk)〉}

for every t ∈ R and for all c ∈ Rk. By setting t0 = 0 it is enough to show: eitYn → eitY for all
t ∈ R and c ∈ Rk where

Yn = 〈c, (Mn(t1)−Mn(t0), . . . ,Mn(tk)−Mn(tk−1)〉

Y = 〈c, (W (t1)−W (t0), . . . ,W (tk)−W (tk−1)〉.
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By definition Y = cTN(0,Σ) = N(0, σ2
c ) where Σ = σ2diag(t1 − t0, . . . , tk − tk−1) and σ2

c =
cTΣc = σ2(c21(t1 − t0) + · · ·+ c2k(tk − tk−1)). Also

Yn =n−1/2
[
c1(m[nt1] −m[nt0]) + · · ·+ ck(m[ntk] −m[ntk−1])

]
=n−1/2

k∑
l=1

cl

[ntl]−1∑
j=0

m ◦ f j −
[ntl−1]−1∑
j=0

m ◦ f j
+O(n−1/2)

=n−1/2
k∑
l=1

cl

 [ntl]−1∑
j=[ntl−1]

m ◦ f j
 = n−1/2

[ntk]−1∑
j=0

d(j, n)m ◦ f j +O(n−1/2)

where d(j, n) ∈ {c1, . . . , ck} and in the last equality we switched the order of summation. Now
writing eitYn = Tne

−Un we have:

exp [itYn] = exp

it
[ntk]−1∑

j=0

d(j, n)m ◦ f j +O(n−1/2)


=

[ntk]−1∏
j=0

exp
[
itn−1/2d(j, n)m ◦ f j +O(n−1/2)

]
.

Thus,

exp [itYn] =

[ntk]−1∏
j=0

(
1 + itn−1/2d(j, n)m ◦ f j +O(n−1/2)

)
exp

[
− t

2d(j, n)2

2n
m2 ◦ f j +O

(
− t

3d(j, n)3

n3/2
m3 ◦ f j

)]
.

Hence,

Tn =

[ntk]−1∏
j=0

(
1 + itn−1/2d(j, n)m ◦ f j +O(n−1/2)

)

Un =
t2

2n

[ntk]−1∑
j=0

d(j, n)2m2 ◦ f j +O(n−1/2).

Recalling the form of Tn and the orthogonality deduced in Lemma 2.11, we have
∫

Λ
Tn dµ = 1 and

as before ‖Tn‖∞ ≤ K and ‖e−Un‖∞ ≤ 1. We compute that,

Un =
t2

2n

[ntk]−1∑
j=0

d(j, n)2m2 ◦ f j +O(n−1/2) = n−1/2
k∑
l=1

c2l

 [ntl]−1∑
j=[ntl−1]

m2 ◦ f j
+O(n−1/2).
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Now,

n−1

[ntl]−1∑
j=[ntl−1]

m2 ◦ f j =n−1

[ntl]−1∑
j=0

m2 ◦ f j −
[ntl−1]−1∑
j=0

m2 ◦ f j


=
1

ntl
tl

[ntl]−1∑
j=0

m2 ◦ f j
− 1

ntl−1
tl−1

[ntl−1]−1∑
j=0

m2 ◦ f j


→(tl − tl−1)

∫
Λ

m2 dµ = (tl − tl−1)σ2 a.e.

by the Ergodic Theorem. Hence,

Un →
t2

2

k∑
l=1

c2l (tl − tl−1)σ2 =
t2

2
(c21(t1 − t0) + c2k(tk − tk−1))σ2

=
t2σ2

c

2
a.e.

Thus by a similar argument in the CLT via the bounded convergence theorem we conclude that:∫
Λ

Tne
−Un dµ→ e−

t2σ2c
2 .

Having checked convergence of finite distributions it remains to check tightness. From Billigsley,
[1] we quote the following result:

lim
λ→∞

lim sup
n→∞

λ2µ(max
k≤n
|mk| ≥ λ

√
n) = 0 =⇒ {Mn} is tight.

Now we show the sequence {Mn} is tight in C[0, 1]. Let p > 2, we have there exists a C > 0 s.t∫
Λ

maxj≤n|mj |p dµ ≤ Cnp/2 for all n ≥ 1, by Burkholder’s inequality [3]. By Markov’s inequaility:

µ(max
j≤n
|mj | ≥ λ

√
n) = µ(max

j≤n
|mj |p ≥ λpnp/2) ≤

∫
Λ

max
j≤n
|mj |p

dµ

λpnp/2
≤ Cλ−p

hence,
lim sup
n→∞

µ(max
j≤n
|mj | ≥ λ

√
n) ≤ Cλ−p

and
λ2 lim sup

n→∞
µ(max

j≤n
|mj | ≥ λ

√
n) ≤ Cλ2−p → 0 as λ→∞

so {Mn} is tight in C[0, 1] and the WIP follows.

Remark 4.6. The WIP extends, using the Cramer-Wold device and tightness (componentwise),
to vector valued observables v : Λ→ Rd.

4.1 Diversion: Martingales

We divert briefly to discuss the reason for calling m ∈ kerP the martingale part of the de-
composition described in (2). Let (Λ,B, µ) be the underlying probability space. We see that
B ⊃ f−1B ⊃ f−2B ⊃ . . . is a decreasing sequence of σ-algebras, and m ◦ fn is f−nB-measurable
for every m ∈ L1(Λ) and every n ≥ 0. Supposing f : Λ → Λ were invertible we could define the

increasing filtration Fn = fnB and consider the backward Birkhoff sums m−n =
∑−1
j=−nm ◦ f j .

However, f is not necessarily invertible so to give meaning to this backward sum we state the
following proposition from a standard ergodic theory course.
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Proposition 4.7. Natural Extension
Assume that f : Λ → Λ is a surjective transformation and that µ is an f -invariant probability
measure. Then there exists an invertible transformation f̃ : Λ̃→ Λ̃ with an f̃ -invariant probability
measure µ̃, as well as a measure preserving projection π : Λ̃ → Λ such that π ◦ f̃ = f ◦ π.
Furthermore, if µ is ergodic then µ̃ can be chosen to be ergodic as well.

Let F0 = π−1B and define Fn = f̃nF0. Firstly notice, F−1 = f̃−1F0 = f̃−1π−1B = (π ◦ f̃)−1B =
(f ◦π)−1B = π−1f−1B ⊂ π−1B = F0 and so F−1 ⊂ F0. Repeating the process gives us Fn ⊂ Fn+1

for all n ∈ Z. For example, to see that F−2 ⊂ F−1 we proceed as follows: F−2 = f̃−2π−1B =
f̃−1(f̃−1 ◦ π−1)B = f̃−1π−1f−1B ⊂ f̃−1π−1B = F−1. Thus we conclude that the sequence of
σ-algebras {Fn, n ≥ 1} defines a filtration. Now, let m : Λ → R be a mean zero observable lying
in L2(Λ). Lifting this observable to m̃ = m◦π : Λ→ R we define the lifted forward and backward
Birkhoff sums:

m̃n =

n−1∑
j=0

m̃ ◦ f̃ j , m̃−n =

−1∑
j=−n

m̃ ◦ f̃ j .

Since π is measure-preserving, it follows that m̃ is also mean-zero and that
∫

Λ̃
m̃2 dµ̃ =

∫
Λ
m2 dµ.

We have already seen that {Fn, n ≥ 1} defines a filtration and that m̃ ◦ f̃−j is Fj measurable.

Supposing further that m ∈ kerP we see that E[m̃ ◦ f̃−j |F−(j+1)] = E[m ◦ f j |f−(j+1)B] ◦ π =
E[m|f−1B] ◦ (f j ◦ π) = 0. Hence it follows that m̃−1

n is an ergodic stationary martingale. The
following result, due to Brown [2], shows that the CLT and WIP holds for m̃−1

n . Then as m̃n =
m̃−n ◦fn and the measure µ is invariant the CLT and WIP holds for m̃n. Moreover as π is measure
preserving the result also holds for mn.

Theorem 4.8. Let f : Λ→ Λ be an ergodic measure-preserving transformation, and let Y ∈ L2(Λ)

with E[Y ] = 0. Suppose that Sn =
∑n−1
j=0 Y ◦ f j is a martingale. Then the CLT and WIP are

valid. That is n−1/2Sn →d N(0, σ2) where σ2 = E[Y 2] and if we have Qn ∈ C[0, 1] such that
Qn(t) = n−1/2S[nt] +O(n−1/2), then Qn →w W where W is a Brownian motion with variance σ2.

Remark 4.9. It follows that the assumptions in the decomposition (2) can be relaxed to holding
in L2(Λ). We need only show supt∈[0,1]|Wn(t) −Mn(t)| → 0 a.e. if v,m and χ lie L2. To prove
this we need the following technical result from real analysis and the consequent corollary.

Proposition 4.10. Let an be a sequence of real numbers and suppose that n−1/2an → 0 as n→∞
then n−1/2 maxk≤n|ak| → 0 as n→∞.

Proof. Given ε > 0, we know that there exists N1 ≥ 1 such that n−1/2|an| ≤ ε for every n ≥ N1.

Now let M = maxk≤N1{|ak|} and pick sufficiently large N2 such that N2 ≥ N1 and N
−1/2
2 M ≤ ε.

Then, for n ≥ N2, we see that

n−1/2 max
k≤N1

|ak| ≤ N−1/2
2 M ≤ ε

and
n−1/2 max

N1≤k≤n
|ak| ≤ max

N1≤k≤n
k−1/2|ak| ≤ max

N1≤k
k−1/2|ak| ≤ ε.

Thus n−1/2 maxk≤n|ak| ≤ ε as required.

Corollary 4.11. Assume that v,m and χ lie in L2(Λ), then supt∈[0,1]|Wn(t)−Mn(t)| → 0 a.e.
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Proof. Since

|Wn(t)−Mn(t)|= |Wn(t)− n−1/2v[nt] + n−1/2v[nt] − n−1/2m[nt] + n−1/2m[nt] −Mn(t)|,

we have

sup
t∈[0,1]

|Wn(t)−Mn(t)|

≤ sup
t∈[0,1]

|Wn(t)− n−1/2v[nt]|+ sup
t∈[0,1]

|n−1/2v[nt] − n−1/2m[nt]|+ sup
t∈[0,1]

|n−1/2m[nt] −Mn(t)|

≤n−1/2 max
k≤n
|v ◦ fk|+ 2n−1/2 max

k≤n
|χ ◦ fk|+ n−1/2 max

k≤n
|m ◦ fk|.

Now, let us consider a general observable w lying in L2(Λ). Since w2 lies in L1(Λ), it is an easy
consequence of the Ergodic Theorem that:

n−1w2 ◦ fn = n−1
n∑
k=1

w2 ◦ fk − n−1
n−1∑
k=1

w2 ◦ fk →
∫

Λ

w2 dµ−
∫

Λ

w2 dµ = 0 a.e.

It follows that n−1/2|w ◦ fn| → 0 a.e. as n → ∞, by taking square roots. Thus, by Proposition
4.10 with an = w ◦ fn we see that n−1/2 maxk≤n|w ◦ fk| → 0 a.e. Then, since v,m and χ are in
L2(Λ), we confirm that supt∈[0,1]|Wn(t)−Mn(t)| → 0 a.e. This concludes the proof and justifies
Remark 4.9.

5 An Iterated Weak Invariance Principle

This section discusses a relatively recent statistical limit law which follows from
∑∞
k=1‖P kv‖∞ <

∞. The result is due to Kelly and Melbourne [7], and here we give an overview of the main
arguments rather than full proofs. Firstly, we present motivation for an Iterated WIP using
Stochastic Differential Equations.

5.1 Motivation: Stochastic Differential Equations

Let X be a d-dimensional Itô process defined by a Stochastic Differential Equation (SDE) of the
form:

dX = a(X)dt+ b(X)dW (3)

where a : Rd → Rd is C1+, b : Rd → Rd×e is C2+, and W is an e-dimensional Brownian Motion
with e×e-dimensional covariance matrix Σ. Given a sequence of e-dimensional processes Wn with
smooth sample paths, we consider the sequence of Ordinary Differential Equations (ODEs)

dXn = a(Xn)dt+ b(Xn)dWn (4)

where dWn = Ẇndt. We suppose that there is an initial condition η ∈ Rn such that x(0) =
Xn(0) = η. Suppose Wn satisfies the the WIP discussed in the previous section but on C([0, T ],Re)
for T > 0. Recalling that (3) is simply notation for an integral equation an important question in
stochastic analysis is whether Xn →w X in C([0, T ],Rd) for a suitable interpretation of this inte-
gral equation. Explicitly we ask how should we interpret

∫
b(X) ? dW , where we use ? to denote

the fact the interpretation has yet to be chosen. Wong and Zakai [19] gave sufficient conditions
under which one should give the stochastic integral the Stratonovich interpretation. These condi-
tions are satisfied in the one-dimensional case but there are counterexamples in higher dimensions
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due to McShane [12] and Sussman [16]. Below, we give an illustrative example:

let d = e = 2 take a to be identically 0 and b(x1, x2) =

(
1 0
0 x1

)
.

The ODE expressed in (4) becomes

dX1
n = dW 1

n , dX2
n = X1

ndW
2
n .

Thus assuming the initial condition η = 0 we obtain X1
n(t) = W 1

n(t) for all t and hence X2
n(t) =∫ t

0
W 1
ndW

2
n . In general the weak convergence Wn →w W does not determine the weak convergence

of
∫ t

0
W 1
ndW

2
n . However, due to rough path theory [9], this is the key hurdle in solving the motivat-

ing problem. In a general framework, consider the family of smooth process Wn ∈ C([0,∞),Re×e),

Wij
n (t) =

∫ t

0

W i
ndW

j
n, 1 ≤ i, j ≤ e.

Under some additional work the weak limit of (Wn,Wn) determines the weak limit of Xn defined in
(4) and the correct interpretation for the underlying integral in equation (3). Kelly and Melbourne
proved an Iterated WIP [7] and hence gave a solution to the problem under mild assumptions.
In this project we do not concern ourselves with the details of rough path theory but give an
exposition of the results in [7] proving the Iterated WIP and seek to find methods to extend their
results.

5.2 Statement of Results:

Here we give the statement of the main results and a discussion of elements required in the proofs.
We denote by D[0,∞) the space of cádlág function endowed with the standard uniform topology,
see Billingsley [1] for further details of this space. We work in this space, rather than C[0,∞),
for technical reasons. Furthermore, we define Wn(t) as the following; where the true definition
should be taken as the iterated sum

Wij
n (t) =

∫ t

0

W i
ndW

j
n = n−1

∑
1≤k<l≤[nt]−1

vi ◦ fkvj ◦ f l.

Theorem 5.1. Kelly-Melbourne
Let f : Λ → Λ be a mixing transformation on the probability space (Λ, µ). Suppose that the
MCD (2) holds in L2(Λ). Then (Wn,Wn) →w (W,W) in D([0,∞),Rd × Rd×d). Here, W is a
d-dimensional Brownian Motion with covariance Σ where Σij =

∫
Λ
vivj dµ+

∑∞
k=1

∫
Λ
vivj ◦ fk +

vjvi ◦ fk dµ and

Wij(t) =

∫ t

0

W idW j + t

∞∑
m=1

∫
Λ

vivj ◦ fm dµ

and we give the stochastic integral the Itô interpretation.

Definition 5.2. We say v, v̂ : Λ→ Rd are L2-cohomologous if there exists χ : Λ→ Rd such that
χ ∈ L2(Λ) and v = v̂ + χ ◦ f − χ.

Firstly, we need a cohomological invariance result for iterated integrals.

Theorem 5.3. Suppose that f : Λ→ Λ is a mixing transformation and that v, v̂ ∈ L2(Λ,Re) are
L2 cohomologous and mean-zero. Let, 1 ≤ i, j ≤ e. Then the limit

lim
n→∞

n∑
m=1

∫
Λ

vivj ◦ fm − v̂iv̂j ◦ fm dµ
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exists and

Wij
n (t)− Ŵij

n (t)→ t

∞∑
m=1

∫
Λ

vivj ◦ fm − v̂iv̂j ◦ fm dµ a.e

as n→∞, uniformly on compact subsets of [0,∞). In particular, the weak limits of the processes

Wij
n (t)−

∞∑
m=1

∫
Λ

vivj ◦ fm dµ, Ŵij
n (t)−

∞∑
m=1

∫
Λ

v̂iv̂j ◦ fm dµ

coincide.

Corollary 5.4. Suppose that f : Λ→ Λ is a mixing transformation and that v, v̂ ∈ L2(Λ,Re) are

L2 cohomologous and mean-zero. Suppose that (Ŵn, Ŵn)→w (Ŵ , Ŵ) in D([0,∞),Re ×Re×e) as

n→∞. Then (Wn,Wn)→w (W,W) in D([0,∞),Re × Re×e), where W = Ŵ and

Wij(t) = Ŵij + t

∞∑
m=1

∫
Λ

vivj ◦ fm − v̂iv̂j ◦ fm dµ.

This demonstrates that Theorem 5.1 reduces to proving a result for the martingale part of
the MCD. To this end, define the following cádlág processes Mn ∈ D([0,∞),Re) and Mn ∈
D([0,∞),Re×e) by

Mn(t) = n−1/2

[nt]−1∑
l=0

m ◦ f l, Mij
n =

∫ t

0

M i
ndM

j
n = n−1

∑
0≤k<l≤[nt]−1

mi ◦ fkmj ◦ f l.

Then Theorem 5.1 follows from the proceeding lemma:

Lemma 5.5. Suppose that f is an ergodic transformation and that m ∈ L2(Λ,Re) with Pm = 0.
Then (Mn,Mn) →w (W, I) in D([0,∞),Re × Re×e), as n → ∞, where W is an e-dimensional

Brownian Motion with covariance matrix Σ =
∫

Λ
mmT dµ and Iij(t) =

∫ t
0
W idW j.

Here we show that Theorem 5.1 can be deduced from Corollary 5.4 and Lemma 5.5.

Proof. We apply Corollary 5.4 with v̂ = m. First note that for all k ≥ 1∫
Λ

mmT ◦ fk dµ =

∫
Λ

mUkmT dµ =

∫
Λ

P kmmT dµ = 0,

because of duality and the fact that Pm = 0. It follows from Theorem 5.3 that
∑n
k=1

∫
vvT ◦fk dµ

is convergent. Then, by Corollary 5.4 we have that:

(Wn,Wn)→w (W,W)

where W (t) is an e-dimensional Brownian Motion with covariance Σ =
∫

Λ
mmT dµ and W(t) =

I(t) + t
∑∞
k=1

∫
vvT ◦ fk dµ. It remains to prove that:

Σij =

∫
Λ

vivj dµ+

∞∑
k=1

∫
Λ

vivj ◦ fk + vjvi ◦ fk dµ.

Define vn and mn as before. Then using the fact that µ is invariant we deduce that:∫
Λ

mnm
T
n dµ =

∑
0≤l,k≤n−1

∫
Λ

m ◦ f lmT ◦ fk dµ =
∑

0≤l,k≤n−1

∫
Λ

mmT dµ = nΣ.
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Notice also that cTΣc = n−1
∫

Λ
(cTmn)2 for all c ∈ Re and n ≥ 1. Thus n1/2(cTΣc)1/2 =

‖cTmn‖2. Using the MCD described in (2) we have vn −mn = χ ◦ fn − χ. Then the following
uses that µ is an invariant measure for f and the reverse triangle inequality:

|‖cT vn‖2 − n1/2(cTΣc)1/2| = |‖cT vn‖2 − ‖cTmn‖2| ≤ ‖cT (vn −mn)‖2 ≤ 2‖cTχ‖2.

That is limn→∞ n−1/2‖cT vn‖2 = (cTΣc)1/2 which is equivalent to:

Σ = lim
n→∞

n−1

∫
Λ

vnv
T
n dµ = lim

n→∞

∫
Λ

Wn(1)Wn(1)T dµ. (5)

Now, let ar =
∫

Λ
v ◦ fr dµ and sk =

∑k
r=1 ar. We notice that

n∑
k=1

sk =

n∑
k=1

k∑
r=1

ar =

n−1∑
r=1

nar − rar.

Then we compute that:

∑
0≤l<p≤n−1

∫
Λ

v ◦ fp−lvT dµ =
∑

1≤r<n

(n− r)
∫

Λ

v ◦ frvT dµ =
∑

1≤r<n

(n− r)ar =

n∑
k=1

sk

where we let r = p− l. Hence it follows that,

lim
n→∞

n−1
∑

0≤l<p≤n−1

∫
Λ

v ◦ fp−lvT dµ = lim
n→∞

n−1
n∑
k=1

sk = lim
n→∞

sn =

∞∑
k=1

∫
Λ

v ◦ fkvT dµ (6)

where we used the fact that the average of a convergence sequence converges to the same limit as
the convergent sequence itself, that is the Stolz-Cesàro Theorem. Likewise,

lim
n→∞

n−1
∑

0≤l<p≤n−1

∫
Λ

v(v ◦ f l−p)T dµ =

∞∑
k=1

∫
Λ

v(v ◦ fk)T dµ. (7)

Writing,

n−1

∫
Λ

vnv
T
n dµ =n−1

∑
0≤l,k≤n−1

∫
Λ

v ◦ f l(v ◦ fk)T dµ

=

∫
Λ

vvT dµ+ n−1
∑

0≤l<p≤n−1

∫
Λ

v ◦ fp−lvT dµ+ n−1
∑

0≤l<p≤n−1

∫
Λ

v(v ◦ f l−p)T dµ.

(8)

Thus taking the limit as n→∞ in (8) and using the results obtained at (6) and (7) we see that,
from (5):

Σ =

∫
Λ

vvT dµ+

∞∑
k=1

∫
Λ

v ◦ fkvT + v(v ◦ fk)T dµ,

as required, concluding the proof.
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5.3 Discussion and Proofs of Results

The previous section presented two results: Theorem 5.3 and Lemma 5.5 which led us to conclude
the last section with a proof of Theorem 5.1. This was the main theorem in this section and the
central result of the project. In the following discussion of Theorem 5.3 and Lemma 5.5 we present
a full proof of Theorem 5.3 and outline the elements of the proof of Lemma 5.5. For a full proof
of Lemma 5.5 see Subsection 4.2 of [7]. Here is the proof of Theorem 5.3:

Proof. Define v = v̂ + a, denoting a = χ ◦ f − χ. Then let

An(t) = n−1/2

[nt]−1∑
n=1

a ◦ f j

and notice:

Wij
n (t)− Ŵij

n (t) =

∫ t

0

W i
ndW

j
n −

∫ t

0

Ŵ i
ndŴ

j
n =

∫ t

0

AindW
j
n +

∫ t

0

Ŵ i
ndA

j
n

where the first equality followed by definition and the second by writing out the sums and substi-
tuting for a. Now, using telescoping sums:

∫ t

0

AindW
j
n =n−1

[nt]−1∑
k=1

k−1∑
l=0

ai ◦ f lvj ◦ fk = n−1

[nt]−1∑
k=1

(χi ◦ fk − χi)vj ◦ fk

=n−1

[nt]−1∑
k=1

(χivj) ◦ fk − n−1χi
[nt]−1∑
n=1

vj ◦ fk.

Hence ∫ t

0

AindW
j
n →

∫
Λ

χivj dµ− χi
∫

Λ

vj dµ =

∫
Λ

χivj dµ a.e.

as n→∞, using the Ergodic Theorem and fact that v is a mean-zero observable. Likewise

∫ t

0

Ŵ i
ndA

j
n =n−1

[nt]−1∑
k=1

k−1∑
l=0

v̂i ◦ f laj ◦ fk = n−1

[nt]−1∑
l=1

[nt]−2∑
k=l+1

v̂i ◦ f laj ◦ fk

=n−1

[nt]−1∑
l=1

v̂i ◦ f l(χj ◦ f [nt]−2 − χj ◦ f l+1)

=χ ◦ f [nt]−2

[nt]−1∑
l=1

v̂i ◦ f l − n−1

[nt]−1∑
l=1

(v̂iUχj) ◦ f l

and so, ∫ t

0

Ŵ i
ndA

j
n → −

∫
Λ

v̂iUχj dµ a.e.

as n→∞, again by the Ergodic Theorem. Thus we have shown:

Wij
n (t)− Ŵij

n (t)→
∫

Λ

χivj − v̂iUχj dµ a.e. (9)
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Now,

vivj ◦ fk − v̂iv̂j ◦ fk = (vi − v̂i)vj ◦ fk + v̂i(vj − v̂j) ◦ fk = aivj ◦ fk + v̂iaj ◦ fk

hence it follows that

n∑
k=1

∫
Λ

vivj ◦ fk dµ−
n∑
k=1

∫
Λ

v̂iv̂j ◦ fk dµ

=

n∑
k=1

∫
Λ

aivj ◦ fk +

n∑
k=1

∫
Λ

v̂iaj ◦ fk dµ

={Using the fact that µ is an invariant measure for f}

=

n∑
k=1

∫
Λ

(χi ◦ fn−k+1 − χi ◦ fn−k)vj ◦ fn + v̂i(χ ◦ f j+1 − χ ◦ f j) dµ

={Swapping integral and sum}

=

∫
Λ

χivj dµ−
∫

Λ

v̂iUχj dµ+ Ln. (10)

Then,

Ln =

∫
Λ

(v̂iχj ◦ fn+1 − χivj ◦ fn) dµ→
∫

Λ

v̂i dµ

∫
Λ

χj dµ−
∫

Λ

χi dµ

∫
Λ

vj dµ = 0

due to mixing. The result then follows from (9) and (10).

Recall from the previous section that Lemma 5.5 was central to proving the Iterated WIP. Though
there are many elements to the proof, none of which are particularly difficult to prove, it is indeed
a considerable amount of work. Instead, we give an indication of what is needed to be proved at
the same time as giving a full proof of the Mn →W part of Lemma 5.5, as this should indicated
some of the steps required. First let us recall the discussion of martingales in Subsection 4.1.
Supposing that Mn was a martingale we would wish to apply the following well-known result by
Kurtz and Protter, which is Theorem 2.2 in [8]:

Theorem 5.6. Kurtz and Protter
For each n, let (Xn, Yn) be an adapted process in D([0,∞),Re × Rd×e) and let Xn be a semi-
martingale. Fix any δ > 0 (allowing the case δ =∞) and define:

Xδ
n = Xn − Jδ(Xn) = Xn −

∑
s≤t

hδ(|(Xn(s)−Xn(s−))|)(Xn(s)−Xn(s−))

where hδ(r) = (1 − δ/r)+. (Note that Xδ
n is also a semi-martingale). Let Xδ

n = M δ
n + Aδn be the

semi-martingale decomposition, where M δ
n is an adapted local martingale and Aδn a process with

finite variation. Now make the following assumption: for all α > 0, there exist stopping times
{ταn } such that

P (ταn ≤ α) ≤ 1

α
and sup

n
E[[Mδ

n]t∧ταn + Tt∧ταn (Aδn)] <∞ (11)

where for every t > 0 we have Tt(A) = sup
∑
|A(ti+1) − A(ti)| and the supremum is taken

over partitions of [0, t]. If (Xn, Yn) →w (X,Y ) in the Skorohod topology D([0,∞),Re × Rd×e),
then X is a semi-martingale with respect to the filtration to which X and Y are adapted and∫ t

0
YndXn →w

∫ t
0
Y dX in the Skorohod topology on D([0,∞),Rd). If we replace weak convergence

in the assumption by convergence in probability then the integral converges in probability.
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Unfortunately, Mn is not a martingale. However recalling that by passing to the natural extension
and working with backward Birkhoff sums (see Subsection 4.1) we have that

M̃−n (t) =

−1∑
k=[nt]−1

m̃ ◦ f̃k

is an ergodic stationary martingale. Likewise define

M̃ij,−
n (t) =

∫ t

0

M̃ i,−
n dW̃ j,−

n = n−1
∑

[−nt]≤k<l≤−1

m̃i ◦ f lm̃j ◦ fk

where (M̃n, M̃n) = (Mn,Mn) ◦ π. Since π was measure preserving, proving (Mn,Mn) → (W, I)

is equivalent to proving (M̃n, M̃n) → (W, I). We claim that we can relate the convergence of

(M̃n, M̃n) to (M̃−n , M̃−n ). This is useful because we can use Kurtz and Protter’s Theorem on the

pair (M̃−n , M̃−n ), which we verify in the following proposition.

Proposition 5.7. (M̃−n , M̃−n )→w (W, I) in D([0,∞),Re × Re×e).

Proof. Our proof is in the setting of Theorem 5.6 with δ =∞ and An identically 0. Hence, we are
in the simpler case of hδ = 0 and so Xδ

n = Xn . We have already shown that M̃−n is a martingale
(see Subsection 4.1) and hence a semi-martingale. Moreover, we see that

E[M̃ j,−
n (t)2] = n−1‖

−1∑
k=[nt]−1

m̃j ◦ f̃k‖22 = t

∫
Λ̃

(m̃j)2 dµ̃

which follows from the calculation performed in proof of Theorem 5.1, and notably didn’t require
the conclusion of Lemma 5.5 for consistency. Clearly E[M̃ j,−

n (t)2] = t
∫

Λ̃
(m̃j)2 dµ̃ is independent

of n and so assumption (11) is satisfied in a trivial way. Then we have the WIP for ergodic

stationary L2 martingales, that is Theorem 4.8, gives M̃−n →w W in D([0,∞),Re). This tells us

(M̃ i,−
n , M̃ j,−

n )→w (W i,W j) inD([0,∞),R2). Thus by Theorem 5.6 with (Xn, Yn) = (M̃ j,−
n , M̃ i,−

n )
we have that

M̃ij,−
n (t) =

∫ t

0

M̃ i,−
n dW̃ j,−

n →w

∫ t

0

W idW j

as n→∞ in D[0,∞), which concludes the proof.

We now show that Mn → W . Note for each result we prove there is analogous statement for Mn

but, in general, the proofs will require considerably more work. We refer the reader to [7] for the
results concerning Mn.

Lemma 5.8. Let g(u)(t) = u(T )−u(T−t). Then M̃n◦f̃−nT = g(M̃−n )+Fn where supt∈[0,T ] Fn(t)→
0 a.e.

Proof. First we compute that:

M̃n ◦ f̃−nT = n−1/2

[nt]−1∑
k=1

m̃ ◦ f̃k ◦ f̃−nT = n−1/2

[nt]−1−nT∑
k=−nT

m̃ ◦ f̃ j = M̃−n − M̃−n (T − t) + Fn(t).

Now, since Fn(t) contains at most one term, we may see that |Fn(t)| ≤ n−1/2|maxk=1,...,[nT ] m̃ ◦
f̃−k|. Without loss of generality we can assume e = 1 by working component-wise. By the Ergodic
Theorem, we have that n−1

∑n
k=1 m̃

2 ◦ f̃k →
∫

Λ̃
m̃2 dµ̃ and so n−1m̃2 ◦ f̃−n → 0. It follows that

n−1 maxk=1,...,[nT ] m̃
2 ◦ f̃−k → 0 a.e. and so supt∈[0,T ] Fn(t)→ 0 as required.
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We state the following proposition without proof. We refer the reader to Skorohod [15] and
Kelly-Melbourne [7] for the details:

Proposition 5.9. Denote by D̃([0, T ],Rq) the space of cáglád functions with the standard Skorohod
J1 topology. Suppose An = Bn + Fn where An ∈ D([0, T ],Rq), Bn ∈ D̃([0, T ],Rq) and Fn → 0
uniformly in probability. If Z has continuous sample paths and Bn →w Z in D̃([0, T ],Rq), then
An →w Z in D([0, T ],Rq).

Corollary 5.10. M̃n →w g(W ) in D([0, T ],Re) as n→∞.

Proof. Clearly g(u) is a continuous functional. Hence it follows by Proposition 5.7 and the Con-

tinuous Mapping Theorem that g(M̃−n ) →w g(W ) in D̃([0, T ],Re × Re×e). Then by Lemma 5.8,

M̃n ◦ f̃−nT = g(M̃−n ) +Fn where Fn converges uniformly in probability to 0. Thus by Proposition
5.9 the result follows.

The preceding corollary and the following lemma complete the proof that Mn →W .

Lemma 5.11. g(W ) =d W in D([0, T ],Re).

Proof. g(W ) = W (T ) −W (T − t) and W (t) are both Gaussian with continuous sample paths.
g(W )(0) = W (T )−W (T ) = 0 and W (0) = 0 so g(W )(0) = W (0). Then

Cov(g(W )(t1), g(W )(t2)) =E[(g(W )(t1)− E[g(W )(t1)])(g(W )(t2)− E[g(W )(t2))]

=E[(W (t1)− E[W (t1)])(W (t2)− E[W (t2))]

=(t1 ∧ t2)Σ.

Hence, Cov(g(W )(t1), g(W )(t2)) = (t1 ∧ t2)Σ for all t1, t2 ∈ [0, T ]. Thus we conclude g(W ) =d

W .

We conclude this section with a number of remarks:

Remark 5.12. The results presented here hold true only for non-invertible maps. However Kelly
and Melbourne show in Section 5 of [7] that the results can be extend to invertible maps as well.

Remark 5.13. In the context of Proposition 2.8 the result we proved holds for a class of non-
uniformly expanding maps with sufficiently rapid decay of correlations.

Remark 5.14. The MCD was the main tool used to prove statistical limit laws so far. It proved
especially useful in the Iterated WIP because the coboundary telescoped under one of the sums.
In the CLT and WIP this led to something that was asymptotic negligible but this is no longer
true in the iterated case. Theorem 5.3 indeed shows that the coboundary is not negligible but
highlights that our processes can be adjusted appropriately by a drift to take into account the
coboundary. Despite this, our intuition suggests that the MCD is a some what rigid tool.

The precise form of the coboundary is what enabled us to prove our theorems but in essence
we relied on the fact that there was a sufficient amount of cancellation due to telescoping sums.
This leads us to think about how the theorem could possibly be generalized, if indeed at all. In
the following sections we will discuss recent general assumptions for the CLT and WIP which do
not require a MCD. Our exploration of these results will lead us to discuss whether any of these
methods could be used to prove an Iterated WIP.
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6 The Maxwell-Woodroofe Condition

This section is purely a discussion of the literature that motivates the rest of this project. Re-
cently, Maxwell and Woodroofe [10] presented cutting-edge techniques and proved a CLT for
(v ◦ fk)k=0,1,... under the following condition:

∞∑
n=1

n−3/2‖
n−1∑
k=1

P kv‖2 <∞. (12)

To be more precise, their condition was in the setting of Markov-Chains but this is how the as-
sumption reads in the context of ergodic transformations. This assumption is far more relaxed
than the MCD setting. The CLT was proved under condition (12) in the setting of ergodic
transformations in 2004 by M.Tyran-Kamińska in [17] who used the approach of Maxwell and
Woodroofe and analyzed the perturbed solution of the Poisson Equation. We present these re-
sults in the next section in the hope that it will give us a new approach to proving an Iterated WIP.

In 2005 Peligrad and Utev proved, under condition (12), a new maximal inequality for station-
ary sequences [18], from which they deduced the WIP under this condition. Their approach was
entirely different since they analyzed small blocks and applied their maximal inequality to the
sums of random variables on these blocks. From this, they deduced that each of these small
blocks could be approximated by stationary martingale differences. Using a counterexample from
Markov-Chain theory they deduce that, in some sense, the assumption (12) is optimal. In 2013
Merlevéde and Peligrad further extended the maximal inequality [14].

In 2012 Cuny and Merlevéde proved the quenched CLT and WIP [5] under condition (12) again
using martingale differences. Furthermore, in 2014, Cuny proved that under this condition the
Law of the Iterated Logarithm (LIL) holds and an almost-sure invariance principle (ASIP) [4]
- again using martingale differences. By further adapting the Markov-Chain counterexample he
also proves optimality of his results.

The wealth of statistical limit laws proved under the Maxwell-Woodroofe condition suggest it
is worth investigating the Iterated WIP under this condition. Moreover there is a suggestion that
the above condition is in some sense optimal. We conjecture the following results:

Conjecture 6.1. Let f : Λ → Λ be a mixing transformation on the probability space (Λ,F , µ).
Assume that v is a mean zero observable and v ∈ L2(Λ,Re). Suppose also that (12) holds. Then,

lim
n→∞

n∑
m=1

∫
Λ

vivj ◦ fm dµ

exists and Wn →w W in D([0,∞),Re×e) where,

Wij(t) =

∫ t

0

W idW j + t

∞∑
m=1

∫
Λ

vivj ◦ fm dµ.

Conjecture 6.2. Optimality
For any non-negative sequence an → 0 and mixing transformation f on the probability space
(Λ,F , µ) we can find a mean zero observable v lying in L2(Λ) such that

∞∑
n=1

ann
−3/2‖

n−1∑
k=0

P kv‖2 <∞
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but lim supn→∞ n−1
∑

0≤l<k≤[nt]−1 v ◦ f lv ◦ fk =∞. That is lim supn→∞Wn =∞.

7 Perturbing the Poisson Equation: Another CLT

This section is dedicated to presenting the CLT proved by Tyran-Kamińska in [17], which uses
methods from [10]. Recall the assumptions under which we proved the CLT in Section 3. The
requirement Pv = 0 is a strong assumption and, in general, might not hold. To overcome this
the general approach is to write v as a sum of two functions: one for which the assumption of
Theorem 7.1 are satisfied; the other which is irrelevant for the CLT to hold. That is the approach
taken in this setting. We will find ṽ satisfying the assumption of Theorem 7.1 and also show that
the sequence (n−1/2

∑n−1
k=0(v − ṽ) ◦ fk)n=1,2,... converges in probability to 0. We state the main

theorem of this section:

Theorem 7.1. Let f be an ergodic transformation on the probability space (Λ,B, µ) and let v a
mean-zero observable lying in L2(Λ). Suppose the Maxwell-Woodroofe condition (12) holds. Then

there exists ṽ ∈ L2 such that P ṽ = 0 and (n−1/2
∑n−1
k=0(v− ṽ)◦fk)n=1,2,... converges to 0 in L2(Λ)

as n→∞. In particular the CLT holds for v.

For completeness, we prove the key ideas from [10] which are used in the proof of Theorem 7.1.

Let ε > 0 and define gε =
∑∞
k=1

Pk−1v
(1+ε)k

, which we notice solves the perturbed Poisson equation

(1 + ε)g = Pg + v. Moreover, define vε = gε − UPgε. Note that in the literature g = Pg + v is
referred to as the Poisson Equation.

Lemma 7.2. Suppose the Maxwell-Woodroofe condition (12) holds, then

∞∑
k=1

√
2−k sup

2−k≤ε≤2−(k−1)

‖gε‖2 <∞,

and so
√
ε‖gε‖2 → 0 as ε→ 0.

Proof. First, we show that:

gε = ε

∞∑
n=1

∑n−1
k=0 P

kv

(1 + ε)n+1
. (13)

We notice, by changing order of summation, that

ε

∞∑
n=1

∑n−1
k=0 P

kv

(1 + ε)n+1
=

∞∑
k=0

P kv

∞∑
k+1

ε

(1 + ε)n+1
.

This is equal to:

∞∑
k=0

P kv

(
ε

(1 + ε)k+2

) ∞∑
n=0

1

(1 + ε)n
=

∞∑
k=0

P kv
ε

(1 + ε)k+2

1 + ε

ε
=

∞∑
k=1

P k−1v

(1 + ε)k
.

Then setting δk = 2−k we see that for δk ≤ ε ≤ δk−1 we have:

‖gε‖2 ≤ δk−1

∞∑
n=1

‖
∑n−1
k=0 P

kv‖2
(1 + δk)n

.
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Since 2δk = δk−1, we deduce that

∞∑
k=1

√
δk sup

δk≤ε≤δk−1

‖gε‖2 ≤ 2

∞∑
n=1

[ ∞∑
k=1

δ
3/2
k

(1 + δk)n

]
‖
n−1∑
l=0

P lv‖2.

We can compare the inner sum
∑∞
k=1

δ
3/2
k

(1+δk)n with
∫∞

0
2−3y/2 (1 + 2−y)

−n
dy. Then making the

substitution x = 2−y, the comparison is hence with the following integral:

C

∫ 1

0

√
x

(1 + x)n
dx.

The constant C takes in account that the function
√
x

(1+x)n has a unique maximum in the domain

[0, 1] and so the comparison is permitted. The following calculation demonstrates that the integral
(and hence the sum) is O(n−3/2):∫ 1

0

√
x

(1 + x)n
dx

=

∫ 1
n

0

√
x

(1 + x)n
dx+

∫ 1

1
n

√
x

(1 + x)n
dx

≤
∫ 1

n

0

√
xdx+

∫ 1

1
n

√
x

(1 + x)n
dx

={Integrating by parts}

=
2

3n3/2
+

[
21−n

1− n
+

n−1/2

(n− 1)

(
1 +

1

n

)1−n
]

+
1

2(n− 1)

∫ 1

1
n

x−1/2

(1 + x)n−1
dx

≤ 2

3n3/2
+

[
21−n

1− n
+

n−1/2

(n− 1)

(
1 +

1

n

)1−n
]

+
n1/2

2(n− 1)

∫ 1

1
n

1

(1 + x)n−1
dx

=
2

3n3/2
+

[
21−n

1− n
+

n−1/2

(n− 1)

(
1 +

1

n

)1−n
]

+
n1/2

2(n− 1)(2− n)

(
22−n −

(
1 +

1

n

)2−n
)
.

Clearly the first, third and fifth terms are O(n−3/2) by using the standard result that (1 + 1
n )n →

e. The remaining two terms decay exponentially and so are trivially O(n−3/2). Thus we have

shown that
∑∞
k=1

δ
3/2
k

(1+δk)n is O(n−3/2). This concludes the lemma by the Maxwell-Woodroofe

condition.

Lemma 7.3. For any ε, δ > 0, ‖vε − vδ‖22 ≤ (ε+ δ)
(
‖gε‖22 + ‖gδ‖22

)
.

Proof. First recall vε = gε − UPgε so,∫
vεvδ dµ =

∫
(gε − UPgε)(gδ − UPgδ) dµ (14)

=

∫
gεgδ dµ−

∫
UPgεgδ dµ−

∫
gεUPgδ dµ+

∫
UPgεUPgδ dµ.

Then it follows by the elementary properties of the Koopman and transfer operators that:∫
vεvδ dµ =

∫
gεgδ dµ−

∫
PgεPgδ dµ.
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Moreover, since gε solves the equation Pg = (1 + ε)g − v, we have that∫
PgεPgδ dµ =

∫
((1 + ε)gε − v)((1 + δ)gδ − v)

=(1 + ε)(1 + δ)

∫
gεgδ dµ− (1 + ε)

∫
gεv dµ− (1 + δ)

∫
gδv dµ+

∫
v2 dµ.

Hence it follows that:∫
vεvδ dµ = −(ε+ δ + εδ)

∫
gεgδ dµ+

[
(1 + ε)

∫
gεv dµ+ (1 + δ)

∫
gδv dµ−

∫
v2 dµ

]
.

From which we have that:∫
v2
ε dµ = −(2ε+ ε2)

∫
g2
ε dµ+

[
2(1 + ε)

∫
gεv dµ−

∫
v2 dµ

]
and: ∫

v2
δ dµ = −(2δ + δ2)

∫
g2
δ dµ+

[
2(1 + δ)

∫
gδv dµ−

∫
v2 dµ

]
.

Then, compute that:

‖vε − vδ‖22 =

∫
(vε − vδ)(vε − vδ) dµ = ‖vε‖22 − 2

∫
vεvδ dµ+ ‖vδ‖22.

Furthermore, by the above calculations we have:

‖vε − vδ‖22 =− (2ε+ ε2)‖gε‖22 + 2(ε+ δ + εδ)

∫
gεgδ dµ− (2δ + δ2)‖gδ‖22

≤− ε2‖gε‖22 + 2(ε+ δ + εδ)

∫
gεgδ dµ− δ2‖gδ‖22

≤2(ε+ δ)‖gε‖2‖gδ‖2 − (ε2‖gε‖22 + δ2‖gδ‖22 − 2εδ‖gε‖2‖gδ‖2)

≤2(ε+ δ)‖gε‖2‖gδ‖2 − (ε‖gε‖2 − δ‖gδ‖2)
2

≤(ε+ δ)(‖gε‖22 + ‖gδ‖22).

In the third line we applied Hölder’s inequality and the last inequality follows because 0 ≤ (‖gε‖2−
‖gδ‖2)2 = ‖gε‖22 − 2‖gε‖2‖gδ‖2 + ‖gδ‖22. This proves the lemma.

Proposition 7.4. Suppose that the Maxwell-Woodroofe condition (12) holds then ṽ = limε→0 vε
exists in L2(Λ).

Proof. As before, let δk = 2−k. Then

‖vδk − vδk−1
‖22 ≤ (δk + δk−1)(‖gδk‖22 + ‖gδk−1

‖22)

for every k ≥ 1, by Lemma 7.3. Then using that
√
a+ b ≤

√
a+
√
b for positive a, b it follows:

∞∑
k=1

‖vδk − vδk−1
‖2 ≤

∞∑
k=1

(
√
δk +

√
δk−1)(‖gδk‖2 + ‖gδk−1

‖2) ≤
∞∑
k=0

2((1 +
√

2)
√
δk)‖gδk‖2

which is finite by Lemma 7.2. Thus it follows that (vδk)k≥0 is a Cauchy sequence in L2 and since
L2 is complete we deduce that the limk→∞ vδk := ṽ exists in L2(Λ). For 0 < ε < 1 there is a
unique k = k(ε) for which δk ≤ ε < δk−1. With this k we have

‖vε − vδk−1
‖22 ≤ (ε+ δk−1)(‖gε‖22 + ‖gδk−1

‖22) ≤ Cδk sup
δk≤ε<δk−1

‖gε‖22

and the right hand side converges to 0 as ε→ 0 and so the limε→0 vε = ṽ in L2(Λ).
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We now have everything we need to prove Theorem 7.1.

Proof. Let’s us remind ourselves of the setup. Given ε > 0, define gε =
∑∞
k=1

Pk−1v
(1+ε)k

where P

denotes the transfer operator. Since ‖Pv‖2 ≤ ‖v‖2, it follows that gε ∈ L2(Λ) from the definition
of gε. Recalling that gε solves the perturbed Poisson equation gives v = (1 + ε)gε − Pgε. Defining
vε = gε − UPgε it is an easy consequence that Pvε = Pgε − Pgε = 0. Moreover, we establish the
decomposition:

v = vε + εgε + UPgε − Pgε. (15)

Then by Proposition 7.4 we know that ṽ = limε→0 vε exists in L2(Λ) and as Pvε = 0 for every
ε > 0 it follows that P ṽ = 0. As a result of the decomposition (15) we obtain:

n−1∑
k=0

(v − ṽ) ◦ fk =

n−1∑
k=0

(vε − ṽ) ◦ fk + ε

n−1∑
k=0

gε ◦ fk + UnPgε − Pgε (16)

having telescoped the coboundary terms. Now P (vε− ṽ) = 0, hence by calculations from the CLT
in Section 3 we have that:

n−1/2‖
n−1∑
k=0

(vε − ṽ) ◦ fk‖2 = ‖vε − ṽ‖2.

Now, we notice that there are n terms in the second sum of (16). Further as U is an isometry on
L2(Λ) and P is a contraction on this space it follows that:

n−1/2‖
n−1∑
k=0

(v − ṽ) ◦ fk‖2 ≤ ‖vε − ṽ‖2 + εn1/2‖gε‖2 + 2n−1/2‖gε‖2. (17)

Now choosing εn = 1
n , we deduce from (17) that:

n−1/2‖
n−1∑
k=0

(v − ṽ) ◦ fk‖2 ≤ ‖vεn − ṽ‖2 + 3ε1/2n ‖gεn‖2

and the right hand side of this inequality converges to 0 as n→∞, which concludes the proof.

Remark 7.5. Firstly, the proof we have given here obtains a slightly sharper final bound than the
one presented in [17]. It is important to notice the similarity of some of the steps used in this proof
with proofs already presented in this project. Indeed, the decomposition constructed for v (15) is
somewhat similar to the MCD (2). In both cases we exploited the telescoping coboundary terms.
We remark that (15) adds useful flexibility opposed to the rigid MCD. However, this flexibility
may be too much and as such impossible to prove an Iterated WIP in this relaxed setting.

Remark 7.6. Having covered the case of the CLT under condition (12), it is worth mentioning
that the WIP is proved under this condition by Peligrad and Utev [18]. Their approach is different
to the one presented in the preceding section. Their main result is a maximal inequality which
generalizes classical results by Doob. Then, by an application of this maximal inequality, they
prove the WIP. The idea is to split up the random variable into blocks and approximate each
block by a stationary martingale.
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8 Extending the Iterated Central Limit Theorem

Though our original goal was to generalize results about the iterated WIP; this section presents
lemmas leading to a theorem and proposition which seek to relax the assumptions of the iterated
CLT. In particular, we wish to look at the case where ‖P kv‖2 is non-summable. The simpler
setting of the Iterated CLT means that all our random variables are finite-dimensional and the
convergence takes place in R. Using the notation and ideas established in Section 7, we progress
towards a useful set of assumptions to prove the Iterated CLT. The proposition shows that under
standard dynamical assumption there is only one difficult assumption to check.

Recall that gε =
∑∞
k=1

Pk−1v
(1+ε)k

solves the perturbed Poisson equation (1 + ε)g = Pg + v and

that χεn = Pgεn where εn = n−1, as in the proof of Theorem 7.1. We recall that vε = gε − UPgε
and v = zε + εgε, where zε = vε + Uχε − χε. We introduce the notation an � bn to mean that
there is some constant K ∈ R such that an < Kbn for all n ≥ 1.

Lemma 8.1. Let f : Λ→ Λ be a mixing transformation on the probability space (Λ,F , µ). Assume
that v is a mean zero observable and v ∈ L2(Λ,Re) and suppose the Maxwell-Woodroofe condition
(12) holds. Then

n−1
∑

0≤k<l<n

viεn ◦ f
kvjεn ◦ f

l →d

∫ 1

0

W idW j as n→∞ (18)

and

n−1
∑

0≤k<l<n

ṽi ◦ fkṽj ◦ f l →d

∫ 1

0

W idW j as n→∞. (19)

Proof. Since f : Λ→ Λ is mixing and ṽ ∈ kerP , the limit (19) follows from Lemma 5.5. For (18)
we seek to apply Theorem 2.6 from Jakubowski et al. [6]. We note that vε ∈ kerP and now we
show that the CLT holds for vε. Recall from Section 7 that the CLT holds for ṽ. Hence, since
P (vε − ṽ) = 0, we have that:

‖n−1/2
n−1∑
k=1

(vε − ṽ) ◦ fk‖2 = ‖vε − ṽ‖2.

The right hand side of this converges to 0 as ε→ 0 and thus the CLT holds for vε. To satisfy the
technical condition of Theorem 2.6 [6] we appeal to Proposition 3.2(a) of [6]. That is, we need to
show that supnE[supk<n|n−1/2vεn ◦ fk|] <∞. Clearly, the following inequalities hold:

E[sup
k<n
|n−1/2vεn ◦ fk|] ≤ ‖sup

k<n
|n−1/2vεn ◦ fk|‖2 ≤ 2‖n−1/2

n∑
k=1

vεn ◦ fk‖2≤ 2‖vεn‖2.

The last inequality was achieved using Burkholder’s inequality. Then since vεn → ṽ in L2, there
exists M such that ‖vεn‖2 ≤ M . Thus, it follows that supnE[supk<n|n−1/2vεn ◦ fk|] ≤ 2M and
this concludes the proof.

The following lemma shows that the error term εgε in the decomposition is irrelevant for the
Iterated CLT to hold.
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Lemma 8.2. Let f : Λ→ Λ be a mixing transformation on the probability space (Λ,F , µ). Assume
that v is a mean zero observable and v ∈ L2(Λ,Re) and suppose the Maxwell-Woodroofe condition
(12) holds. Then

n−1
∑

0≤k<l<n

vi ◦ fkvj ◦ f l −
n∑
k=1

∫
Λ

vivj ◦ fk dµ→d

∫ 1

0

W idW j as n→∞ (20)

if and only if

n−1
∑

0≤k<l<n

ziεn ◦ f
kzjεn ◦ f

l −
n∑
k=1

∫
Λ

ziεnz
j
εn ◦ f

k dµ→d

∫ 1

0

W idW j as n→∞. (21)

Proof. It is sufficient to prove the difference between equations (20) and (21) converges to 0 in
L1. Momentarily fixing ε > 0, we notice that the difference:

n−1
∑

0≤k<l<n

vi ◦ fkvj ◦ f l −
n∑
k=1

∫
Λ

vivj ◦ fk dµ

− n−1
∑

0≤k<l<n

ziε ◦ fkzjε ◦ f l +
n∑
k=1

∫
Λ

ziεz
j
ε ◦ fk dµ = (I)− (II), (22)

where

(I) =n−1ε
∑

0≤k<l<n

giε ◦ fkzjε ◦ f l + n−1ε
∑

0≤k<l<n

ziε ◦ fkgjε ◦ f l + n−1ε2
∑

0≤k<l<n

giε ◦ fkgjε ◦ f l

(23)

=(Ia) + (Ib) + (Ic).

That is (Ia), (Ib) and (Ic) express the following:

(Ia) =n−1ε
∑

0≤k<l<n

giε ◦ fkzjε ◦ f l.

(Ib) =n−1ε
∑

0≤k<l<n

ziε ◦ fkgjε ◦ f l.

(Ic) =n−1ε2
∑

0≤k<l<n

giε ◦ fkgjε ◦ f l.

For (Ic) we see that, by setting ε = εn,

‖n−1ε2n
∑

0≤k<l<n

giεn ◦ f
kgjεn ◦ f

l‖1 � εn‖giεn‖2‖g
j
εn‖2 → 0

as n→∞. Then the term (Ib) splits into two terms using the definition of zε:

n−1ε
∑

0≤k<l<n

ziε ◦ fkgjε ◦ f l = n−1ε
∑

0≤k<l<n

viε ◦ fkgjε ◦ f l + n−1ε
∑

0≤k<l<n

(Uχiε − χiε) ◦ fkgjε ◦ f l.

Since the second term has a telescoping coboundary, it follows that:

‖n−1εn
∑

0≤k<l<n

(Uχiεn − χ
i
εn) ◦ fkgjεn ◦ f

l‖1 � εn‖χiεn‖2‖g
j
εn‖2 → 0
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as n→∞. Then we see that:

n−1ε
∑

0≤k<l<n

viε ◦ fkgjε ◦ f l = n−1ε

n−1∑
l=1

[
l−1∑
k=0

viε ◦ fk
]
gjε ◦ f l.

Thus, by Burkholder’s inequality, we have that:

‖n−1ε
∑

0≤k<l<n

viε ◦ fkgjε ◦ f l‖1 ≤ n−1ε

n−1∑
l=1

∥∥∥∥∥
l−1∑
k=0

viε ◦ fk
∥∥∥∥∥

2

∥∥gjε ◦ f l∥∥2
≤n−1ε

n−1∑
l=1

l1/2‖gjε‖2

�n1/2ε‖gjε‖2.

Hence,

‖n−1εn
∑

0≤k<l<n

viεn ◦ f
kgjεn ◦ f

l‖1 � ε1/2n ‖gjεn‖2 → 0

as n→∞. The term (Ia) can be dealt with in a similar way. That is, it splits into two terms: one
which contains a telescoping coboundary; the other which Burkholder’s inequality can be applied
to after switching the order of summation. We see that:

n−1ε
∑

0≤k<l<n

giε ◦ fkzjε ◦ f l = n−1ε
∑

0≤k<l<n

giε ◦ fkvjε ◦ f l + n−1ε
∑

0≤k<l<n

giε ◦ fk(Uχjε − χjε) ◦ f l.

Then we deduce that:

‖n−1ε
∑

0≤k<l<n

giεn ◦ f
k(Uχjεn − χ

j
εn) ◦ f l‖1� εn‖giεn‖2‖χ

j
εn‖2 → 0

as n→∞. Moreover, as before, using Burkholder’s inequality:

‖n−1ε
∑

0≤k<l<n

giε ◦ fkvjε ◦ f l‖1 ≤ n−1ε

n−1∑
k=0

∥∥∥∥∥
n−1∑
l=k+1

vjε ◦ f l
∥∥∥∥∥

2

‖giε ◦ fk‖2 � n1/2ε‖giε‖2.

Hence we confirm that:

‖n−1εn
∑

0≤k<l<n

giεn ◦ f
kvjεn ◦ f

l‖1 � ε1/2n ‖giεn‖2 → 0

as n→∞. Hence we have shown the terms in equation (23) go to 0 as n→∞ in L1. It remains
to show the same holds for (II). That is we need to show:

n∑
k=1

∫
Λ

vivj ◦ fk dµ−
n∑
k=1

∫
Λ

ziεnz
j
εn ◦ f

k dµ

converges to 0 in L1 as n→∞. Again, fixing ε > 0 momentarily we compute that,

(II) =

n∑
k=1

∫
Λ

vivj ◦ fk dµ−
n∑
k=1

∫
Λ

ziεnz
j
εn ◦ f

k dµ

=ε

n∑
k=1

∫
Λ

giεz
j
ε ◦ fk dµ+ ε

n∑
k=1

∫
Λ

ziεg
j
ε ◦ fk dµ+ ε2

n∑
k=1

∫
Λ

giεg
j
ε ◦ fk dµ.
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That is (II) = (IIa) + (IIb) + (IIc), where:

(IIa) =ε

n∑
k=1

∫
Λ

giεz
j
ε ◦ fk dµ.

(IIb) =ε

n∑
k=1

∫
Λ

ziεg
j
ε ◦ fk dµ.

(IIc) =ε2
n∑
k=1

∫
Λ

giεg
j
ε ◦ fk dµ.

Considering term (IIc), it is easy to see that

‖ε2n
n∑
k=1

∫
Λ

giεng
j
εn ◦ f

k ‖1 � εn‖gjεn‖2‖g
j
εn‖2 → 0

as n→∞. For term (IIb) we obtain:

ε

n∑
k=1

∫
Λ

ziεg
j
ε ◦ fk dµ = ε

n∑
k=1

∫
Λ

viεg
j
ε ◦ fk dµ+ ε

n∑
k=1

∫
Λ

(Uχiε − χiε)gjε ◦ fk dµ.

The first term of which is identically 0 by duality. For the second, we apply invariance of the
measure µ and swap summation and integration:

ε

n∑
k=1

∫
Λ

(Uχiε − χiε)gjε ◦ fk dµ =ε

∫
Λ

n∑
k=1

(Uχiε − χiε) ◦ fn−kgjε ◦ fn dµ

=ε

∫
Λ

(Unχiε − χiε)gjε ◦ fn dµ.

Hence:

‖εn
n∑
k=1

∫
Λ

ziεng
j
εn ◦ f

k dµ‖1 � εn‖χiεn‖2‖g
j
εn‖2 → 0

as n→∞. For the term (IIa) we have:

ε

n∑
k=1

∫
Λ

viεg
j
ε ◦ fk dµ = ε

n∑
k=1

∫
Λ

giεv
j
ε ◦ fk dµ+ ε

n∑
k=1

∫
Λ

giε(Uχ
j
ε − χjε) ◦ fk dµ.

The second part of this equation can be dealt with, as above, by telescoping the coboundary. For
the first term we swap summation and integration

ε

n∑
k=1

∫
Λ

giεv
j
ε ◦ fk dµ = ε

∫
Λ

giε

n∑
k=1

vjε ◦ fk dµ.

Thus applying Burkholder’s inequality we have:

‖εn
n∑
k=1

∫
Λ

giεnv
j
εn ◦ f

k dµ‖1 � ε1/2n ‖giεn‖2‖v
j
εn‖2 → 0

as n→∞. Hence

‖εn
n∑
k=1

∫
Λ

viεng
j
εn ◦ f

k dµ‖1→ 0

as n→∞. Thus (II) converges to 0 in L1 as n→∞. This concludes the proof.
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The following lemma establishes the iterated CLT for an ε-family of L2 coboundaries.

Lemma 8.3. Let f : Λ→ Λ be a mixing transformation on the probability space (Λ,F , µ). Assume
that v is a mean zero observable and v ∈ L2(Λ,Re). Suppose the following conditions hold:

(a)

∞∑
n=1

n−3/2‖
n−1∑
k=0

P kv‖2 <∞(Maxwell-Woodroofe Condition).

(b) n−1
n−1∑
k=0

(χiεnv
j) ◦ f l − E[χiεnv

j ]→p 0 as n→∞.

(c) n−1
n−1∑
k=1

(viεnUχ
j
εn) ◦ fk →p 0 as n→∞.

(d) E[χiεv
j ◦ fn]→p 0 as n→∞.

Then,

n−1
∑

0≤k<l<n

ziεn ◦ f
kzjεn ◦ f

l −
n∑
k=1

∫
Λ

ziεnz
j
εn ◦ f

k dµ→d

∫ 1

0

W idW j .

Proof. Let us first calculate the terms left in the drift. Formally expanding, we see that:

n∑
k=1

∫
Λ

ziεz
j
ε ◦ fk dµ =

n∑
k=1

∫
Λ

(viε + Uχiε − χiε)(vjε + Uχjε − χjε) ◦ fk dµ.

This is equal to:

n∑
k=1

(∫
Λ

viε(v
j
ε + Uχjε − χjε) ◦ fk + (Uχiε − χiε)(vjε + Uχjε − χjε) ◦ fk dµ

)
(24)

in which the first term is 0 by duality. The final term of (24) is equal to following. We use
invariance of the measure; we switch order of integration; we telescope sums, and we substitute
(15) to obtain:∫

Λ

(Unχiε − χiε)(vj − εgjε ) ◦ fn dµ =

∫
Λ

(Unχiε − χiε)vj ◦ fn dµ− ε
∫

Λ

(Unχiε − χiε)gjε dµ.

The final term converges to 0 as ε→ 0 in the 1-norm by applying Hölder’s inequality and previous
arguments. The first term splits into the following two terms:∫

Λ

(χiεv
j) ◦ fn dµ−

∫
Λ

χiεv
j ◦ fn dµ,

which we will return to later. Recalling (18) we have

n−1
∑

0≤k<l<n

viεn ◦ f
kvjεn ◦ f

l →d

∫ 1

0

W idW j .

It remains to show the drift terms are the only term that remain in the difference. We must
establish the convergence of the following. Again fix ε > 0 momentarily and consider

n−1
∑

0≤k<l<n

ziε ◦ fkzjε ◦ f l − n−1
∑

0≤k<l<n

viε ◦ fkvjε ◦ f l.
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The above equals:

n−1
∑

0≤k<l<n

viε ◦ fk(Uχjε − χjε) ◦ f l+n−1
∑

0≤k<l<n

(Uχiε − χiε) ◦ fkvjε ◦ f l (25)

+n−1
∑

0≤k<l<n

(Uχiε − χiε) ◦ fk(Uχjε − χjε) ◦ f l.

Calculating the final term containing the double coboundary, we obtain:

n−1
∑

0≤k<l<n

(Uχiε−χiε)◦fk(Uχjε−χjε)◦f l = n−1

[
n−1∑
l=1

U lχiε(Uχ
j
ε − χjε) ◦ f l

]
+n−1χiε(χ

j
ε−Unχjε),

where the final term was achieved by telescoping sums twice. The final term above clearly goes
to 0 in L1 as n→∞, with our choice of εn, with the following estimate:

‖n−1χiε(χ
j
ε − Unχjε)‖1 � εn‖χiε‖2‖χjε‖2.

Now considering the first sum:

n−1
n−1∑
l=1

U lχiε(Uχ
j
ε − χjε) ◦ f l = n−1

n−1∑
l=1

U lχiε(v
j − vjε ) ◦ f l − n−1ε

n−1∑
l=1

U lχiεg
j
ε ◦ f l (26)

the final term of which converges to 0 as n → ∞ in L1 by previous arguments. It remains to
analyze the following two terms of (25). These are:

n−1
∑

0≤k<l<n

viε ◦ fk(Uχjε − χjε) ◦ f l + n−1
∑

0≤k<l<n

(Uχiε − χiε) ◦ fkvjε ◦ f l. (27)

Here, the second term telescopes to:

n−1
n−1∑
l=1

(U lχiε − χiε)vjε ◦ f l = n−1
n−1∑
l=1

(χiεv
j
ε ) ◦ f l − n−1χiε

n−1∑
l=1

vjε ◦ f l.

Then estimating the second term in the 1-norm we have:

‖n−1χiεn

n−1∑
l=1

vjεn ◦ f
l‖1 ≤ n−1‖χiεn‖2

∥∥∥∥∥
n−1∑
l=1

vjεn ◦ f
l

∥∥∥∥∥
2

� n−1/2‖χiεn‖2 � ε1/2n ‖χiεn‖2.

The right hand side converges to 0 as n→∞. The first term of (27) can be dealt with in a similar
way:

n−1
∑

0≤k<l<n

viε ◦ fk(Uχjε − χjε) ◦ f l =n−1
n−1∑
k=0

n−1∑
l=k+1

viε ◦ fk(U l+1χjε − U lχjε)

=n−1
n−1∑
k=0

viε ◦ fk(Unχjε − Uk+1χjε). (28)
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The first term of which goes to 0 as n → ∞ in L1 by earlier arguments. Hence we are left with
the following terms:

n−1
n−1∑
l=1

(χiεv
j
ε ) ◦ f l − n−1

n−1∑
k=0

(viεUχ
j
ε) ◦ fk.

Further, recalling the terms left from (26) are:

n−1
n−1∑
l=1

(χiεv
j) ◦ f l − (χiεv

j
ε ) ◦ f l.

Thus after cancellation we are left with:

n−1
n−1∑
l=1

(χiεv
j) ◦ f l − n−1

n−1∑
k=1

(viεUχ
j
ε) ◦ fk.

It remains to establish the convergence of:

n−1
n−1∑
l=0

(χiεv
j) ◦ f l − n−1

n−1∑
k=1

(viεUχ
j
ε) ◦ fk −

∫
Λ

(χiεv
j) ◦ fn dµ+

∫
Λ

χiεv
j ◦ fn dµ. (29)

These converge to 0 in probability by assumptions (b), (c), (d). Hence, the proof is complete.

Theorem 8.4. Let f : Λ → Λ be a mixing transformation on the probability space (Λ,F , µ).
Assume that v is a mean zero observable and v ∈ L2(Λ,Re). Suppose the following conditions
hold:

(a)

∞∑
n=1

n−3/2‖
n−1∑
k=0

P kv‖2 <∞(Maxwell-Woodroofe Condition).

(b) n−1
n−1∑
k=0

(χiεnv
j) ◦ f l − E[χiεnv

j ]→p 0 as n→∞.

(c) n−1
n−1∑
k=1

(viεnUχ
j
εn) ◦ fk →p 0 as n→∞.

(d) E[χiεv
j ◦ fn]→p 0 as n→∞.

Then, limn→∞
∑n
m=1

∫
Λ
vivj ◦ fm dµ exists and Wn →d W where,

Wij =

∫ 1

0

W idW j +

∞∑
m=1

∫
Λ

vivj ◦ fm dµ.

Proof. Under our assumptions Lemma 8.2 holds and establishes the convergence:

Wn −
n∑

m=1

∫
Λ

vivj ◦ fm dµ→d

∫ 1

0

W idW j

if and only if

n−1
∑

0≤k<l<n

ziεn ◦ f
kzjεn ◦ f

l −
n∑
k=1

∫
Λ

ziεnz
j
εn ◦ f

k dµ→d

∫ 1

0

W idW j as n→∞. (30)
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Furthermore the convergence of (30) holds because the assumptions of Lemma 8.3 are satisfied.
This concludes the proof.

This final proposition shows that under some additional dynamical assumptions we can remove
some of the probabilistic assumptions of Lemma 8.3 and Theorem 8.4.

Proposition 8.5. Let f : Λ → Λ be a mixing transformation on the probability space (Λ,F , µ).
Assume that v is a mean zero observable and v ∈ L∞(Λ,Re). Suppose the following condition
holds:

(a′)

∞∑
k=1

‖P kv‖1 <∞(Summable in 1-norm)

Then the conditions (b) and (d) of Lemma 8.3 and Theorem 8.4 are satisfied.

Proof. It is enough to prove that the assumptions (a′) and v ∈ L∞ imply assumptions (b) and
(d). First, let us consider:

n−1
n−1∑
l=0

(χiεv
j) ◦ f l −

∫
Λ

(χiεv
j) ◦ fn dµ.

It is standard that under assumption (a′) that χε → χ as ε → 0 in L1, where χ =
∑∞
k=1 P

nv.
Thus consider the following estimate of the above

‖n−1
n−1∑
l=0

(χiεv
j) ◦ f l −

∫
Λ

(χiεv
j) ◦ fn dµ‖1

≤‖vj‖∞

∥∥∥∥∥n−1
n−1∑
l=0

χiε ◦ f l −
∫

Λ

χiε dµ

∥∥∥∥∥
1

=‖vj‖∞

∥∥∥∥∥n−1
n−1∑
l=0

(χiε − χi) ◦ f l + n−1
n−1∑
l=0

χi ◦ f l −
∫

Λ

χi dµ+

∫
Λ

χi − χiε dµ

∥∥∥∥∥
1

≤‖vj‖∞

(
n−1

n−1∑
l=0

‖χiε − χi‖1 +

∥∥∥∥∥n−1
n−1∑
l=0

χi ◦ f l −
∫

Λ

χi dµ

∥∥∥∥∥
1

+

∥∥∥∥∫
Λ

χi − χiε dµ
∥∥∥∥

1

)

=‖vj‖∞

(
2‖χiε − χi‖1 +

∥∥∥∥∥n−1
n−1∑
l=0

χi ◦ f l −
∫

Λ

χi dµ

∥∥∥∥∥
1

)
.

The first of these term in the final estimate converges to 0 as ε → 0, since χε → χ, with no
dependence on n. Now, since χ ∈ L1, we can apply the Ergodic Theorem and the second term
converges to 0 as n→∞. Now considering the final term of (29), and letting ε = εn, we see that:∥∥∥∥∫

Λ

χiεnv
j ◦ fn dµ−

∫
Λ

χivj ◦ fn
∥∥∥∥

1

≤ ‖vj‖∞‖χiεn − χ
i‖1 → 0

as n→∞. Moreover, because of mixing:∫
Λ

χivj ◦ fn dµ→
∫
χi dµ

∫
vj dµ = 0
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as n→∞. Hence, allowing n→∞, we have established that∫
Λ

χiεnv
j ◦ fn → 0,

which concludes the proof.

Remark 8.6. The assumptions of our theorem are easy to check except for (c). A Weak Law of
Large Numbers for L1 martingales arrays under our assumptions would remove this assumption;
however, we cannot find a suitable result in the literature. Further, we note that if we assume
the set up of earlier sections in which we assumed

∑∞
k=1‖P kv‖2 < ∞, then the hypothesis (c)

would be removed by simple arguments. We make the final conjecture that the iterated CLT holds
under the assumptions of Proposition 8.5 along with the Maxwell-Woodroofe condition. That is,
the assumption (c) is unnecessary.
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[17] M. Tyran-Kaminǹska. An Invariance Principle for Maps with Polynomial Decay of Cor-
relations, Commun. Math. Phys. 260 (2005), 1-15.

[18] M. Peligrad and S.Utev. A New Maximal Inequality and Invariance Principle for Stationary
Sequences, Annals of Probability. 33 (2005), 798-815.

[19] E. Wong and M. Zakai. On the convergence of ordinary integrals to stochastic integrals,
Annals of Math. Statist. 36 (1965), 1560-1564.

35


